We present a condition in which the dimer-monomer state is exactly the ground state of an extended diamond chain with spin magnitude 1/2. The Hamiltonian of the extended diamond chain includes nextnearest-neighbor exchange interactions and distortions, where the spin magnitude of the spin pair on a singlet dimer is not generally conserved. The method of deriving the condition is based on representing the Hamiltonian in a complete square form. The dimer-monomer ground state is found even if the Hamiltonian has no space-reflection symmetries.
Spin systems with frustration in low dimensions are interesting, since they produce various types of quantum spin liquids. The diamond chain depicted in Fig. 1 is a frustrated spin system which has several different spinliquid ground states along with the change of a parameter. The full ground-state phase diagrams are found by both rigorous and numerical analyses for the S=1/2 and 1 diamond chains. 1, 2) In particular, the dimer-monomer (DM) state is commonly a ground state for the diamond chains of any spin magnitudes S; we know the exact form, 1) which is shown with the lattice in Fig. 1 . The DM state is characteristic in that it includes effective free spins, monomers, in strong exchange interactions.
When a distortion is introduced to the Hamiltonian representing the S=1/2 diamond chain, detailed numerical analysis is performed. 3, 4) Under distortion, the exact DM state is no longer the ground state but is continuously changed to a gapless spin-liquid state without free spins. Experimentally, azurite Cu 3 (CO 3 ) 2 (OH) 2 is found to be a substance in such a spin-liquid state for a distorted diamond chain; 5, 6) in particular, a 1/3 magnetic plateau is observed. Cu 3 Cl 6 (H 2 O) 2 ·2H 8 C 4 SO 2 is also found to represent a distorted diamond chain, which has an excitation gap. 7) Theoretical analyses including arguments on the values of exchange parameters under distortion are given. 8) Recently, substances for extended versions of diamond chains were found.
9-11) They include next-nearest-neighbor exchange interactions as well as distortions. The exchange interaction between monomers were theoretically and experimentally considered.
12-14)
The search for substances realizing extended diamond chains are going to develop. In view of the present situation, more information about extended diamond chains is expected to be brought.
In this Letter, we investigate the extended S=1/2 diamond chain for which the DM state is the ground state. The method we use is based on representing the Hamil- * E-mail: takano@toyota-ti.ac.jp (2) τ l (1) τ l+1 (2) τ l+1
(1) Fig. 2 . Exchange parameters in a unit cell. They include nextnearest-neighbor exchange interactions and distortions.
tonian in a complete square form. This method was developed from the method that uses projection operators. 15, 16) In particular, Ref. 15 is the first paper to treat exactly the diamond chain in a special case, where the method of complete square form is applied at the phase boundary between the DM phase and the tetramer-dimer (TD) phase.
The exchange interactions that we consider is shown in Fig. 2 . They are all the interactions in a simple choice of unit cell. Then the Hamiltonian for this extended S = 1/2 diamond chain is written as
where τ
l , and S l are spin operators with magnitude 1/2 in the lth unit cell. The sum, with respect to l, is taken over N unit cells with a large N limit, and boundary effects are not considered. For this Hamiltonian,
is not generally conserved. The DM state is written as
where |a l is any state of S l and |0 l is the singlet state of τ
(1) l and τ
l . There are infinite degenerate DM states owing to the arbitrariness of |a l 's, and |DM represents one of them.
To analyze H, we construct another Hamiltonian H sq in a complete square form. H sq is the linear combination of the squares of the spin summations of some spins except for a constant term. It includes the terms of any spin group satisfying the rule: the spins in a group form a partial eigenstate with a total spin magnitude of 0 or 1/2 for the DM state, and any two of spins in a group are connected by one of exchange interactions shown in Fig.  2 . All the possible grouping are represented in Fig. 3 . Then the Hamiltonian is
l + τ
l+1 + τ Fig. 3 . All the possible groupings of spins in the DM state. The grouping rule is that the spins in a group form a partial eigenstate with a total spin magnitude of 0 or 1/2 for the DM state, and any two of the spins in a group are connected by an exchange interaction in Fig. 2 .
with l , to form a singlet dimer in the ground state. Then, all S l s become free, since there is no interaction between S l and S l+1 for all l. As for cases (b) and (c), we consider only C 
These equations mean that the DM state is an eigenstate of H owing to H = H sq . In (5), we directly observe the following restrictions in exchange parameters:
Further, the consistency of equations (5d) to (5g) provides another restriction
Then the equations (5d) to (5g) are not independent. Hence, we exclude (5g) hereafter. We also know that the nonnegative coefficients require nonnegative values for the exchange parameters, owing to (5). By using (5a), the energy of the DM state (4) is written as
We now have 6 linear simultaneous equations, (5a) to (5f), for 9 variables, A, B − , B + , C ′ − , C − , C + , C ′ + , D, and E. We take C + , C − , and E as arbitrary numbers. Then the solution is written as
To (9), we apply the other condition that all the coefficients are nonnegative. This results in the following inequalities,
where C + , C − , and E are arbitrary nonnegative numbers.
In conclusion, the Hamiltonian (1) has the DM ground state (2), if (i) the exchange parameters are all nonnegative, (ii) (6) and (7) are satisfied, and (iii) there exist nonnegative numbers, C + , C − , and E, satisfying (10) . Then the ground state energy is given by (8) . We examine, as a simple example, the case that (6) is satisfied and (7) is satisfied. (10f) requires C + = C − = E = 0. Then equations (10b) to (10e) are satisfied. (10a) reduces to
The equations (9d) and (9e) deduce C ′ + = C ′ − = 0 so that the conditions (b) and (c) are not satisfied. As to the condition (a), (9a) mentions that only the DM state is the ground state if J ⊥ > J + + J − . In the symmetric case of J + = J − , (11) reproduces the entire range of the DM phase for the original spin-1/2 diamond chain in Ref.
1. This type of distorted diamond chain is examined by the coupled cluster method.
17)
We also examine another example to see that the condition for the DM ground state has a nontrivial solution. Our example is the case that (6) (7) is satisfied. Since (10a) reduces to E ≥ 0.005, we take E = 0.005 for trial. Then (10b) and (10c) are satisfied. Since (10d) and (10e) reduce to C + ≥ 0.04 and C − ≥ 0.04, respectively, we try to take C + = C − = 0.04. Then (10f) becomes 0.09 ≥ 0.085, which is a consistent inequality. Therefore the DM state is the ground state. Further, since C + and C − are positive, only the DM state is the ground state.
To summarize, we obtained a sufficient condition that the DM state is the ground state for the extended diamond chain (1); the method deriving the condition is based on representing the Hamiltonian in a complete square form. The DM state is the ground state for a wide range of nonsymmetric Hamiltonians with next-nearestneighbor exchange interactions and distortions. They do not generally have the conservation law of (τ (1) l + τ (2) l ) 2 and the space-reflection symmetries with respect to the site of S l and to the line of τ (1) l and τ (2) l . Experimentally, substances satisfying (6) and (7) are not found in literature. However, with the recent discovery of diamondchain substances, it can be hoped that substances satisfying the present condition will be found in the near future.
